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1 Executive Summary

In these notes we present some basic results on the existence of solutions to systems of linear
equalities and inequalities. We usually express these as matrix equations such as Az = b or
inequalities such as Az < b. Occasionally we may write them out as a collection of expressions
of the form a1z, + -+ + apx, < b, or such.

The usual ordering on R is denoted > or <. On R", the partial ordering © 2 y means
x; =2 Y, ¢ = 1,...,n, while £ > y means x; > y;, ¢ = 1,...,n. We may occasionally write
x >y tomean x = y and = # y. A vector z is nonnegative if x > 0, strictly positive
if x > 0, and semipositive if x > 0. I shall try to avoid using the adjective “positive” by
itself, since to most mathematicians it means “nonnegative,” but to many nonmathematicians
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it means “strictly positive.” Define R} = {x € R" : 2 0} and R}, = {x € R" : x> 0}, the
nonnegative orthant and strictly positive orthant of R" respectively.

T2y <— zT;2y,i=1,...,n
x>y <<= x;2y,i=1,...,nandx #y
>y <= x;>y,i=1...,n

Figure 1. Partial orderings on R".

In these notes I shall adopt David Gale’s [13] notation, which does not distinguish between
row and column vectors.

This means that if A is an m X n matriz, and x is a vector, and I write Az,
you infer that x is an n-dimensional column vector, and if I write yA, you infer
that y is an m-dimensional row vector. The notation yAx means that x is an n-
dimensional column vector, y is an m-dimensional row vector, and yAx is the scalar
yA-x =y-Ax. The expression xy will always denote the scalar product x -y of two
vectors of the same dimension.

“

The theorems on the existence of solutions are in the form of alternatives, that is, “an
opportunity for choice between two things, courses, or propositions, either of which may be
chosen, but not both” [23]. The archetypal example is Theorem 1 below, which says that either
Axz = b has a solution z, or else the system pA =0, p-b > 0 has a solution p, but not both.

There are two kinds of solutions we might look for. If all we know is that A is matrix of
real numbers and that b is a vector of real numbers, then the best we can hope for is to find a
real vector x satisfying Ax = b. But if A is a matrix of rational numbers and b is a vector of
rational numbers, then we might hope to find a rational vector x satisfying Az = b. (In these
notes we are never interested in complex numbers.) Thus we present two kinds of theorems, one
for the case where A and b are known only to be real, and the other for the case where A and b
are known to be rational. The simplest and perhaps most intuitive proofs rely on the geometry
of linear inequalities, and involve the use of separating hyperplane theorems. They yield real
solutions only. Another class of proofs is algebraic, and is based on what happens when we
actually try to solve the equations or inequalities by the method of elimination. These proofs
will yield rational solutions when A and b are rational. The disadvantage of these algebraic
proofs is that they are not very intuitive, and a little tedious.

I shall start by stating the main results and shall present the proofs later.

1.1 Solutions of systems of equalities

If A has an inverse (which implies m = n), then the system Az = b always has a unique solution,
namely z = A~'b. But even if A does not have an inverse, the system may have a solution,
possibly several—or it may have none. This brings up the question of how to characterize the
existence of a solution. The answer is given by the following theorem. Following Riesz—Sz.-
Nagy [26, p. 164] and wikipedia, I shall refer to it as the Fredholm Alternative, as Fredholm [10]
proved it in 1903 in the context of integral equations. But I do note that Marlow [19, p. 86]
refers to it as Gale’s Theorem. It does appear in Gale [13, Theorem 2.5, p. 41].

1 Fredholm Alternative Let A be an m x n real matriz and let b € R™. Ezactly one of the
following alternatives holds. Either there exists an x € R" satisfying

Az =b (1)

v. 2020.10.15::09.50
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or else there exists p € R™ satisfying
pA=0

p-b>0. @

Note that there are many trivial variations on this result. For instance, multiplying p by —1,
I could have written (2) as pA =0 & p-b < 0. Or by replacing A by its transpose, we could
rewrite (1) with A = b and (2) with Ap = 0. Keep this in mind as you look at the coming
theorems.

The following corollary about linear functions is true in quite general linear spaces. Wim
Luxemburg refers to this result as the Fundamental Theorem of Duality.

2 Corollary Let p°,...,p™ € R" and suppose that p° - v = 0 for all v such that p* - v = 0,
i =1,...,m. Then p® is a linear combination of p',...,p™. That is, there exist scalars
Aly ..oy A such that p® =37 Aip;.

It is also true that the Fredholm alternative holds for the field Q of rational numbers. We
shall say that a matrix is rational if each of its entries is a rational number. The following
theorem is on its face neither weaker nor stronger than Theorem 1.

3 Theorem (Rational Fredholm Alternative) Let A be an m x n rational matrix and let
b € Q™. Exactly one of the following alternatives holds. Either there exists an x € Q" satisfying

Az =1 3)
or else there exists p € Q™ satisfying
pA=0
(4)
p-b>0.

Note that (4) is positively homogeneous, that is if p satisfies (4), then so does Ap for any
A > 0. Consequently, if each component of p is rational, we may without loss of generality
assume that the denominator of each component is positive, so multiplying by a positive common
denominator will give another solution of (4), but in integers Z. Thus we have the following
result.

4 Theorem (Rational-Integer Fredholm Alternative) Let A be an m xn rational matrix
and let b € Q™. Exactly one of the following alternatives holds. Either there exists an x € Q"
satisfying

Az =1b (5)
or else there exists an integral p € Z™ satisfying

pA=0
(6)
p-b>0.

Finally, we can produce this result.

5 Theorem (Rational-Real-Integer Fredholm Alternative) Let A be an m x n rational
matrix and let b € Q™. Exactly one of the following alternatives holds. Either there exists an
x € R" satisfying

Ax =10 (7)

or else there exists an integral p € Z™ satisfying
pA=0

p-b>0. ®)

v. 2020.10.15::09.50
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That is, if there is no real solution of (7), then there is an integer solution of (8). The proof
is trivial: Clearly we cannot have both (7) and (8) hold, for then 0 = 0z = pAx = pb > 0, a
contradiction. But if (8) fails, then Theorem 4 guarantees a rational, and a fortiori real solution
to (7).

1.2 Nonnegative solutions of systems of equalities

The next theorem is one of many more or less equivalent results on the existence of solutions to
linear inequalities. It is often known as Farkas’s Lemma, and so is Corollary 11. Julius Farkas [3]
proved them both in 1902.

6 Farkas’s Alternative Let A be an m X n real matriz and let b € R™. Ezactly one of the
following alternatives holds. Either there exists ¥ € R" satisfying

Ax =10
or else there exists p € R™ satisfying

pA =0
p-b<0.

Note that by replacing p by —p we can replace (10) by

pAZ0

p-b>0 (10)

We also have the following results.

7 Theorem (Rational Farkas’s Alternative) Let A be an m x n rational matrix and let
b € Q™. Exactly one of the following alternatives holds. Either there exists © € Q" satisfying

Ax =10
=0

(1)

or else there exists p € Q™ satisfying

pA =0

12

p-b<0. (12)
8 Theorem (Rational-Integer Farkas’s Alternative) Let A be an m x n rational matrix
and let b € Q™. Exactly one of the following alternatives holds. Either there exists x € Q"
satisfying

Ax =10
(13)
or else there exists integral p € Z™ satisfying
AZ=0
o (14)
p-b<0.

v. 2020.10.15::09.50
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9 Theorem (Real-Rational-Integer Farkas’s Alternative) Let A be an m X n rational
matrix and let b € Q™. Exactly one of the following alternatives holds. Either there exists
x € R" satisfying

Ax =10

(15)
or else there exists integral p € Z™ satisfying
A =0
" (16)
p-b<0.
1.3 Solutions of Inequalities
The next result may be found in Gale [13, Theorem 2.7, p. 46] (in transposed form with A

multiplied by —1) and in Bachem and Kern [2, Theorem 4.1, p. 46]. (Bachem-Kern refer to
it as Farkas’s Lemma, but most authors reserve that for results on nonnegative solutions to
inequalities.)

10 Proposition Let A be an m x n matrix and let b € R™. Exactly one of the following
alternatives holds. Either there exists an x € R" satisfying

Az b (17)
or else there exists p € R™ satisfying
pA=0
p-b<0 (18)
p>0

1.4 Nonnegative Solutions of Inequalities

Once we have a result on nonnegative solutions of equalities, we get one on nonnegative solutions
of inequalities almost free. This is because the system

Az <b
20

is equivalent to the system

Ar+2=0
20
220,

or in partitioned matrix form

The next result follows from Farkas’s Alternative 6 using this transformation.

v. 2020.10.15::09.50
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11 Corollary (Farkas’s Alternative) Let A be an m x n matrix and let b € R™. Exactly
one of the following alternatives holds. Either there exists an x € R" satisfying

Az <b (19)
220
or else there exists p € R™ satisfying
pA =0
p-b<0 (20)
p>0

Both versions of Farkas’s Lemma are subsumed by the next result, which is also buried in
Farkas [8].

12 Farkas’s Alternative Let A be an m xn real matriz, let B be an £ X n matriz, let b € R™,
and let ¢ € R’. Exactly one of the following alternatives holds. Fither there exists x € R"
satisfying
Ax =10
Bz <sc (21)
20

or else there exists p € R™ and q € R® satisfying

pA+¢gB =0
qz0 (22)
p-b+q-c<O.
13 Farkas’s Alternative Let A be an m x n matriz, let b € R™, and let I and E partition
{1,...,m}. Exactly one of the following alternatives holds. Either there exists x € R" satisfying
(Adi)z <b;, el (23)
z20

or else there exists p € R™ satisfying

pA =20
p-b<O0 (24)
pi=0 i€l
We can also handle strict inequalities. The next theorem is due to Gordan [14] in 1873.

14 Gordan’s Alternative Let A be an m xn matriz. Ezxactly one of the following alternatives
holds. Either there exists x € R" satisfying

Az > 0. (25)
or else there exists p € R™ satisfying
A=0
g (26)
p>0

v. 2020.10.15::09.50
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We can rewrite Corollary 14 as follows.

15 Corollary Let A be an m xn matrix. Exactly one of the following alternatives holds. Either
there exists x € R" satisfying

Az >0 (27)
or else there exists p € R™ satisfying
pA=0
p-1=1 (28)
p> 0.

(The second alternative implies that p is a probability vector.)

Dantzig [1, p. 139] attributes the nest result to Jean Ville [30]. It may also be found in
Gale [13, Theorem 2.10, p. 49].

16 Corollary (Ville’s Alternative) Let A be an m x n matrix. Exactly one of the following
alternatives holds. Either there exists x € R" satisfying

Ax >0 (29)
z 2 0.
or else there exists p € R™ satisfying
AZL0
= (30)
p>0

The following result was proved by Stiemke [27] in 1915.

17 Stiemke’s Alternative Let A be an mxn matriz. Exactly one of the following alternatives
holds. Either there exists x € R" satisfying

Ax >0 (31)
or else there exists p € R™ satisfying
A=0
g (32)
p> 0.

A variation on Stiemke’s Alternative points to another whole class of theorems that I first
encountered in Morris [20]. Here is Corollary Al from his paper.

18 Theorem (Morris’s Alternative) Let A be an m X n matrix. Let 8§ be a family of
nonempty subsets of {1,...,m}. Exactly one of the following alternatives holds. Either there
exists x € R" and a set S € § satistying

Az =0

33
A;-x >0 forallie S (33)
or else there exists p € R™ satisfying
pA=0
>
p20 (34)
> pi>0 forallSes.
i€S

v. 2020.10.15::09.50
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19 Remark Observe that Stiemke’s Alternative corresponds to the case where § is the set of
all singletons: (33) reduces to Az being semipositive. And ), ¢ p; > 0 for the singleton S = {i}
simply says p; > 0. Requiring this for all singletons asserts that p > 0.

Finally we come to another alternative, Motzkin’s Transposition Theorem [21], proven in his
1934 Ph.D. thesis. This statement is taken from his 1951 paper [22].!

20 Motzkin’s Transposition Theorem Let A be an m x n matriz, let B be an £ X n matriz,
and let C be an r x n matriz, where B or C' may be omitted (but not A). Ezactly one of the
following alternatives holds. Either there exists x € R" satisfying

Ax >0
Bx =20 (35)
Cx=0

or else there exist p* € R™, p? € Ré, and p? € R satisfying

pPlA+p’B+p*C =0
p' >0 (36)
p°20.

Motzkin expressed (36) in terms of the transpositions of A, B, and C. The reason that A
may not be omitted is that without some strict inequalities, x = 0, ps = 0, ps = 0 solves both
systems (35) and (36).

Stoer and Witzgall [28] also provide a rational version of Motzkin’s theorem, which can be
recast as follows.

21 Motzkin’s Rational Transposition Theorem Let A be an m X n rational matriz, let
B be an £ x n rational matriz, and let C be an v X n rational matriz, where B or C' may be
omitted (but not A). Exactly one of the following alternatives holds. FEither there exists x € R"
satisfying

Az >0

Bx =0 (37)

Cx=0

or else there exist p* € Z™, p? € Z*, and p> € ZF satisfying
pPlA+p’B+p*C =0
pt >0 (38)
p° 2 0.

1.5 Tucker’s Theorem

Tucker [29, Lemma, p. 5] proves the following theorem that is related to Theorems of the
Alternative, but not stated as an alternative. See Nikaid6 [24, Theorem 3.7, pp. 36-37] for a
proof of Tucker’s Theorem using the Stiemke’s Alternative, and vice-versa.

IMotzkin [22] contains an unfortunate typo. The condition Az > 0 is erroneously given as Az < 0.

v. 2020.10.15::09.50
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22 Tucker’s Theorem Let A be an m X n matriz. Then there exist t € R* and p € R™
satisfying
Arx =0
20
Ap=>0
Ap+x>0,

where A’ is the transpose of A.

To get an idea of the connection between Stiemke’s Alternative and Tucker’s Theorem,
consider the transposed version of Stiemke’s Alternative 17. It has two “dual” systems of
inequalities

Ap>0 (31)
and
Az =0, x>0 (32')

exactly one of which has a solution. Tucker’s Theorem replaces these with the weaker systems

A'p 20, (317)

Az =0, x 2 0. (32"

These always have the trivial solution p = 0, x = 0. What Tucker’s Theorem says is that there is
a solution (p, ) of (31-32"") such that if the i*" component (A’p); = 0, then the i*" component
z; > 0; and if z; = 0, then the i*® component (A’p); > 0. Not only that, but since Az = 0, we
have (A'p) - & = pAz = 0, so for each i we cannot have both (A’p); > 0 and z; > 0. Thus we
conclude that A’p and T exhibit complementary slackness:

(A'p); > 0 if and only if Z; = 0, and Z; > 0 if and only if (A’p); = 0.

Tucker’s Theorem is also a statement about nonnegative vectors in complementary orthogo-
nal linear subspaces. The requirement that Az = 0 says that = belong to the null space (kernel)
of A. The vector A’p belongs to the range of A’. It is well-known (see, e.g., Theorem 53 in § 7.2
of my notes on linear algebra [3]) that the null space of A and the range of A’ are complementary
orthogonal linear subspaces. Moreover every pair of complementary orthogonal subspaces arises
this way. (Let A be the orthogonal projection onto one of the subspaces. Thus we have the
following equivalent version of Tucker’s Theorem, which appears as Corollary 4.7 in Bachem
and Kern [2], and which takes the form of an alternative.

23 Corollary Let M be a linear subspace of R™, and let M~ be its orthogonal complement.
For each i = 1,...,m, either there exists x € R™ satisfying

xeM, 20, z;>0 (40)
or else there exists y € R™ satisfying

ye M+, y=0, y >0. (41)

v. 2020.10.15::09.50
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2 Basic nonnegative linear combinations

Let A = {x1,...,z,} be a finite set of vectors in a vector space. Let us say that the linear
combination y = >_I" |, \;z; depends on B if B = {z; € A : \; # 0}. By convention, we
also agree that the zero vector depends on the empty set. Let us say that y is a basic linear
combination of the x;’s if it depends on a linearly independent set. You should know from
linear algebra that every linear combination can be replaced by a basic linear combination. The
trick we want is to do it with nonnegative coefficients. The next result is true for general (not
necessarily finite dimensional) vector spaces.

24 Lemma A nonnegative linear combination of a set of vectors can be replaced by a nonneg-
ative linear combination that depends on a linearly independent subset.

That is, if x1, . .., x, are vectors and y = Z?:l Aix; where each \; is nonnegative, then either
y = 0, or there exist nonnegative scalars S, ..., [, such that y = Y | Biz; and {z; : 3; > 0}
is linearly independent.

Proof: Since the empty set is vacuously independent, our convention covers the case of y = 0.
We treat the remaining case by induction on the number of vectors z; on which nonzero y
depends.

So let P[n] be the proposition: A nonnegative linear combination of not more than n vectors
can be replaced by a nonnegative linear combination that depends on a linearly independent
subset.

The validity of P[1] is easy. If y # 0 and y = Ax1, where A; > 0, then we must in fact have
A1 > 0 and x; # 0. That is, y depends on the linearly independent subset {x;}.

We now show that P[n — 1] = P[n]. So assume y = Y " | \;z; and that each X; > 0,

1=1,...,n. If x1,...,x, itself constitutes an independent set, there is nothing to prove, just
set B; = A; for each i. On the other hand, if z1,...,z, are dependent, then there exist numbers
Qa,...,an, not all zero, such that

n
E o;T; = 0.
i=1

We may assume that at least one «; > 0, for if not we simply replace each a; by —a;.
Now consider the following expression

n n
Y= i -7
i=1 i—1
——
=0

= Z()\l — ’)/()(i).ri.
i=1

When v = 0, this reduces to our original expression. Whenever v > 0 and «; < 0, then
Ai — ya; > 0, so the only coefficients that we need to worry about are those with a; > 0. We
will choose v > 0 just large enough so that at least one of the coefficients A\; — ya; becomes zero
and none become negative. Now for a; > 0,

Ai—ya; 20 &= 7 < —.
Q;

Thus by setting
_ A
’y:mln{—:ai >O}
Q;

v. 2020.10.15::09.50
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we are assured that
Ai—Fa; =20foralli=1,...,n and \; —7a; =0 for at least one i.

Thus

n
y=> (\i—7ai)z;
i=1
expresses ¥ as a linear combination depending on no more than n — 1 of the x;’s. Thus by
the induction hypothesis P[n — 1], we can express y as a linear combination that depends on a
linearly independent subset. |

25 Remark The above proof is highly instructive and is typical of the method we shall use in
the study of inequalities. We started with two equalities in n variables

n

y= Z il
i=1
n

0= Z (673
=1

We then took a linear combination of the two equalities, namely

ly++0= 1i)\ixi +7iai$i7
i=1 i=1

where the coefficients 1 and v were chosen to eliminate one of the variables, thus reducing a
system of equalities in n variables to a system in no more than n — 1 variables. Keep your eyes
open for further examples of this techniques! (If you want to be pedantic, you might remark as
Kuhn [15] did, that we did not really “eliminate” a variable, we just set its coefficient to zero.)

The first application of Lemma 24 is Carathéodory’s theorem on convex hulls in finite di-
mensional spaces.

26 Carathéodory’s Convexity Theorem In R™, every vector in the convex hull of a set
can be written as a conver combination of at most m + 1 vectors from the set.

Proof: Let A be a subset of R™, and let = belong to the convex hull of A. Then we can write
z as a convex combination x = Y. | A;z; of points z; belonging to A. For any vector y in R™
consider the “augmented” vector § in R™ " defined by g; =y; for j =1,...,m and go = 1.
Then it follows that & = Z?:l AiZ; since Z?:l A; = 1. Renumbering if necessary, by Lemma 24,
we can write & = Zle «o;%;, where &1,...,%; are independent and «; > 0 for all . Since an
independent set in R™! has at most m + 1 members, kK < m + 1. But this reduces to the two
equations z = Y%, a;x; and for the 0™ component 1 = Y- | ;. In other words, z is a convex
combination of £k < m + 1 vectors of A. [ |

27 Remark We shall find the mapping that takes a vector z in R™ to the vector & = (1,z) in
R™! quite useful. T wish I had a good name for it.

28 Corollary The convex hull of a compact subset of R™ is compact.

v. 2020.10.15::09.50
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Proof: Let K be compact and define the mapping from K™t x A,, (where as you may recall,
Ay, is the unit simplex {& € R : (Vi=0,...,m) [a; > 0] & 3" o; = 1}) into R™ by

(xo,...,xm7(a0,...,am)) = T + 0+ T

By Carathéodory’s Theorem its image is the convex hull of K. The mapping is continuous and
its domain is compact, so its image is compact. | |

The next application of Lemma 24 is often asserted to be obvious, but is not so easy to prove.

It is true in general Hausdorff topological vector spaces, but I’ll prove it for the Euclidean space

case.?

Recall that a cone is a set closed under multiplication by nonnegative scalars. A finitely
generated cone is the convexr cone generated by a finite set.

29 Lemma Every finitely generated cone is closed.

Proof for the finite dimensional case: Let A = {x1,...,z;} be a finite subset of R™ and let
C= {Zle Aixi A 20, i=1,...,k} be the finitely generated cone generated by A. Let y be
the limit of some sequence y,, in C,

Yn — Y-

By Lemma 24 we can write each y, as a nonnegative linear combination of an independent
subset of the x;’s. Since there are only finitely many such subsets, by passing to a subsequence
we may assume without loss of generality that each y,, depends on the same independent subset
{z1,...,2p}. We can find vectors z1,...,2m—p so that {z1,...,2p,21,...,2m—p} is a basis for

R™. We can now write
p m—p
Yn = E An,ii + E 0z;
i=1 j=1

for each n where each A, ; > 0, and

P m-p
Y= Z)‘ixi + Z 025
i=1 j=1

Since y, — y and the coordinate mapping is continuous, we must have A\,; — \; > 0, for
i=1,...,p,and 0 = a; =0 for j =1,...,m — p, so that y belongs to C. (For a proof that
the coordinate mapping is continuous, which is often taken for granted, see my on-line note at
http://www.its.caltech.edu/~kcborder/Notes/Coordinates.pdf.) | |

3 Solutions of systems of equalities
Consider the system of linear equations
Ax =1

)

where A = {ai, j} is an m xn matrix, z € R", and b € R™. There are two or three interpretations

of this matrix equation, and, depending on the circumstances, one may be more useful than the

2The general proof relies on the fact that the span of any finite set in a Hausdorff tvs is a closed subset, and
that every m-dimensional subspace of a tvs is linearly homeomorphic to R™.

v. 2020.10.15::09.50
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other. The first interpretation is as a system of m equations in n variables

a11%1 + -+ a1 Ty = by

;11 + -+ apnTy =b;

Am 121+ + ATy = by,
or equivalently as a condition on m inner products,
Ail’:bl, iil,...,m

where A; is the i*" row of A.
The other interpretation is as a vector equation in R™,

o A' -z, AT =D,

where A7 is the j™ column of A.
Likewise, the system
pA=c

can be interpreted as a system of equalities in the variables pq, ...

can be put in the form A’p = ¢, or

a1,1p1 + -+ @m1Pm = C1

a1, jp1+ -+ Qm jPm = Cj

A1 nP1+ -+ QmpPm = Cn
or equivalently as a condition on n inner products,

Aj~p:cj, i=1,...,n,

, Pm, which by transposition

where A7 is the j*" column of A. Or we can interpret it as a vector equation in R",

plAl +"'+pm14m =,

where A; is the i*® row of A.

30 Definition A vector & = (Z1,...,T,) is a solution of the system

1,171+ -+ a1 %, = by

;11 + -+ ATy =b;

Am 11 +- AmnTn = bm~

v. 2020.10.15::09.50
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if the statements

a11%1 + -+ a1 0Ty = by

;1 T1+ - QpTn = b;

am,li'l + -+ a"rn,ni‘n = bm~
are all true. The system is solvable if a solution exists.

If A has an inverse (which implies m = n), then the system Az = b always has a unique
solution, namely & = A~'b. But even if A does not have an inverse, the system may have
a solution, possibly several-—or it may have none. This brings up the question of how to
characterize the existence of a solution. The answer is given by the following theorem. Following
Riesz—Sz.-Nagy [26, p. 164] I shall refer to it as the Fredholm Alternative, as Fredholm [10] proved
it in 1903 in the context of integral equations.

31 Theorem (Fredholm Alternative) Let A be an m x n matrix and let b € R™. Exactly
one of the following alternatives holds. Either there exists an x € R" satisfying

Az =b (42)
or else there exists p € R™ satisfying
A=0
Y (43)
p-b>0.

Proof: Tt is easy to see that both (42) and (43) cannot be true, for then we would have
0=0-z2=pAz=p-b>0,

a contradiction. Let M be the subspace spanned by the columns of A. Alternative (42) is that b
belongs to M. If this is not the case, then by the strong Separating Hyperplane Theorem there
is a nonzero vector p strongly separating {b} from the closed convex set M, thatisp-b>p-z
for each z € M. Since M is a subspace we have p- z = 0 for every z € M, and in particular for
each column of A, so pA =0 and p-b > 0, which is just (43). | |

Proof using orthogonal decomposition: Using the notation of the above proof, decompose b as
b= by +p, where byy € M and p € M, . (In particular, pA =0.) Thenp-b=p-bys+p-p=p-p.
Ifbe M,thenp-b=0,butif b¢ M, then p#0,sop-b=p-p>0. | |

32 Remark There is another way to think about the Fredholm alternative, which was ex-
pounded by Kuhn [15]. Either the system Az = b has a solution, or we can find weights
P1,---,Ppm such that if we weight the equations

Y41 (a1,1$1 R al,nﬂvn) =piby
pi(a;121 4+ -+ ain®n) = pib;

pm(am,,lxl + e+ am,n$n> = pmbm
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and add them up
(Pra1,1 + -+ PmGma)T1 + -+ (P1a10 + -+ Prlmn)Tn = P101 + - + Pmbm
we get the inconsistent system
0z 4+ -4+ 0xy = p1by + - + pbm > 0.

But this means that the original system is inconsistent too. Thus solvability is equivalent to
consistency.

We can think of the weights p being chosen to “eliminate” the variables x from the left-hand
side. Or as Kuhn points out, we do not eliminate the variables, we merely set their coefficients
to zero.

The following corollary about linear functions is true in quite general linear spaces, but we
shall first provide a proof using some of the special properties of R". Wim Luxemburg refers to
this result as the Fundamental Theorem of Duality.

33 Corollary Let p°,...,p™ € R" and suppose that p° - v = 0 for all v such that p* - v = 0,
i = 1,...,m. Then p° is a linear combination of p',... ,p™. That is, there exist scalars
A17 ey )\m such that pO = er;l )\ipi-

Proof: Consider the matrix A whose columns are p',...,p™, and set b = p°. By hypothesis
alternative (43) of Theorem 31 is false, so alternative (42) must hold. But that is precisely the
conclusion of this theorem. | |

Proof using orthogonal decomposition: Let M = span{p',...,p™} and orthogonally project p"
on M to get p° zp%f—i—p?_, where p%, € M andp(j_ L M. That is, p(j_ p=0forallpe M. In
particular, p* - p§ =0, i =1,...,m. Consequently, by hypothesis, p° - p% = 0 too. But

0=p"p) =p3 - pL +p% 2% =0+ P

Thus p(j_ =0, so p® = pQ, € M. That is, p° is a linear combination of p!,..., p™. | |

4 Nonnegative solutions of systems of equalities

The next theorem is one of many more or less equivalent results on the existence of solutions to
linear inequalities. It is often known as Farkas’s Lemma, and so is Corollary 36. Julius Farkas [3]
proved them both in 1902.%

34 Farkas’s Alternative Let A be an m X n matriz and let b € R™. FEzactly one of the
following alternatives holds. Either there exists x € R™ satisfying

Ax =10
. (44)
or else there exists p € R™ satisfying
AZ0
"= (45)
p-b<O0.

3 According to Wikipedia, Gyula Farkas (1847-1930) was a Jewish Hungarian mathematician and physicist
(not to be confused with the linguist of the same name who was born about half a century later), but this paper
of his, published in German, bears his Germanized name, Julius Farkas.
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Proof: (44) = —(45) : Assume = 2 0 and Az = b. Premultiplying by p, we get pAz = p - b.
Now if pA 2 0, then pAx > 0 as x =0, s0 p-b > 0. That is, (45) fails.

—(44) = (45) : Let C = {Ax : © = 0}. If (44) fails, then b does not belong to C.
By Lemma 29, the finitely generated cone C' is closed, so by the Strong Separating Hyperplane
Theorem there is some nonzero p such that p-z > 0 for all z € C and p-b < 0. Therefore (45). B

Note that there are many trivial variations on this result. For instance, multiplying p by —1,
I could have written (45) as pA <0 & p-b > 0. Or by replacing A by its transpose, we could
rewrite (44) with A = b and (45) with Ap =2 0. Keep this in mind as you look at the coming
theorems.

5 Solutions of systems of inequalities

Proposition 10 is restated here in slightly modified form. The condition p - b < 0 is replaced by
p-b= —1, which is simply a normalization.

35 Proposition (Solution of Inequalities) Let A be an m x n matrix and let b € R™.
Exactly one of the following alternatives holds. Either there exists an x € R" satisfying

Az < b (46)
or else there exists p € R™ satisfying
pA=0
p-b=-1 (47)
p=0.

Note that in case (47), we actually have p > 0. (Why?)

Proof: Clearly (46) and (47) are inconsistent: If (47) holds, then pAz = 0x = 0. Also p > 0,
so (46) implies pAz < p-b. Thus 0 = pAx < p-b= —1, a contradiction.
So suppose (47) fails. That is, the system of equations

pla o] =]o -

has no nonnegative solution. Then by the transposed version of Farkas’s Alternative 34, the
system

b
S
M
1\

o

_f_
has a solution . In other words,
Az 4+ &b 2 0.
Divide both sides by —¢ < 0, set x = —/£, and rearrange to conclude
Az <b,
which is just (46). |
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For the next result recall that p > 0 means that p is semipositive: p = 0 and p # 0.

36 Corollary (Farkas’s Alternative) Let A be an m x n matrix and let b € R™. Exactly
one of the following alternatives holds. Either there exists an x € R" satisfying

Az b (13)
20
or else there exists p € R™ satisfying
pA =0
p-b<0 (49)
p>0

37 Exercise Prove the corollary by converting the inequalities to equalities as discussed on
page 5 and apply the Farkas Lemma 34. O

Both versions of Farkas’s Lemma are subsumed by the next result, which is also buried in
Farkas [8].

38 Farkas’s Alternative Let A be an m X n matriz, let B be an £ x n matriz, letb € R™, and
letc € R. Ezactly one of the following alternatives holds. Fither there exists x € R" satisfying

Ax =b
Bx<c (50)
20

or else there exists p € R™ and q € R* satisfying

pA+¢gB =0
720 (51)
p-b+q-c<O.

39 Exercise Prove this version of Farkas’s Alternative. Hint: Consider the system

A 0| |z b
B I| |z c

20
220

and apply Farkas’s Alternative 34. O
We can reformulate the above as follows.

40 Farkas’s Alternative Let A be an m x n matriz, let b € R™, and let I and E partition
{1,...,m}. Exactly one of the following alternatives holds. Either there exists x € R" satisfying

(Aa:)l =b 1€F
(A,T)l <b; el (52)
>

v. 2020.10.15::09.50
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or else there exists p € R™ satisfying
pA =0

p-b<0 (53)
pizo 1€ FE.

We can also handle strict inequalities. See Figure 3 for a geometric interpretation of the next
theorem, which is due to Gordan [14] in 1873.

41 Gordan’s Alternative Let A be an mxn matriz. Ezxactly one of the following alternatives
holds. FEither there exists x € R" satisfying

Az > 0. (54)
or else there exists p € R™ satisfying
A=0
g (53)
p>0

There are two ways (55) can be satisfied. The first is that some row of A is zero, say row i—
then p = e satisfies (55). If no row of A is zero, then the finitely generated cone (A;)+---+(A,,)
must contain a nonzero point and its negative. That is, it is not pointed. Gordan’s Alternative
says that if the cone is pointed, that is, (55) fails, then the generators (rows of A) lie in the
same open half space {x > 0}.

There is another, algebraic, interpretation of Gordan’s Alternative in terms of consistency
and solvability. It says that if (54) is not solvable, then we may multiply each equality p- A7 = 0
by a multiplier z; and add them so that the resulting coefficients on p;, namely A; - x are all
strictly positive, but the right-hand side remains zero, showing that (54) is inconsistent.

42 Exercise Prove Gordan’s Alternative. Hint: If = satisfies (54), it may be scaled so that in
fact Az = 1, where 1 is the vector of ones. Write z = u — v where v =2 0 and v =2 0. Then (54)
can be written as

—A(u—v) £ —1. (54"

Now use Corollary 36. O

We can rewrite Corollary 41 as follows.

43 Corollary Let A be an m xn matrix. Exactly one of the following alternatives holds. Either
there exists x € R" satisfying

Az >0 (56)
or else there exists p € R™ satisfying
pA=0
p-1=1 (57)
p>0.

(The second alternative implies that p is a probability vector.)
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44 Corollary (Yet Another Alternative) Let A be an m x n matrix. Exactly one of the
following alternatives holds. Either there exists © € R" satisfying

Ax >0 (58)
z 2 0.
or else there exists p € R™ satisfying
A<0
" (59)
p>0

45 Exercise Prove the Corollary. Hint: If (58) holds we may normalize x so that Az = 1. Use
Corollary 36. O

The following result was proved by Stiemke [27] in 1915.

46 Stiemke’s Alternative Let A be an mxn matrixz. Ezactly one of the following alternatives
holds. Either there exists x € R" satisfying

Ax >0 (60)
or else there exists p € R™ satisfying
A=0
3 (61)
p>0.

Proof: (60) = —(61) : Clearly both cannot be true, for then we must have both pAz = 0 (as
pA =0) and pAx > 0 (as p > 0 and Az > 0).

—(60) = (61):Let A ={z¢€ R":z20and > 7, 2 = 1} be the unit simplex in
R™. In geometric terms, (60) asserts that the span M of the columns {A!,... A"} intersects
the nonnegative orthant RY' at a nonzero point, namely Az. Since M is a linear subspace, we
may rescale = so that Az belongs to M N A. Thus the negation of (60) is equivalent to the
disjointness of M and A.

So assume that (60) fails. Then since A is compact and convex and M is closed and convex,
there is a hyperplane strongly separating A and M. That is, there is some nonzero p € R" and
some € > 0 satisfying

p-y+te<p-z forallye M, z€ A.

Since M is a linear subspace, we must have p-y = 0 for all y € M. Consequently p-z >¢& > 0
for all z € A. Since the ;' unit coordinate vector e/ belongs to A, we see that p; =p- el > 0,
That is, p > 0.

Since each A* € M, we have that p- A* = 0, i.e.,

pA =0.
This completes the proof. [ |

Note that in (61), we could rescale p so that it is a strictly positive probability vector. Also note
that the previous proofs separated a single point from a closed convex set. This one separated
the entire unit simplex from a closed linear subspace. There is another method of proof we could
have used.
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Alternate proof of Stiemke’s Theorem: If (60) holds, then for some coordinate i, we may rescale
x so that Az > e?, or equivalently,

—A(u —v) £ =€, uz0,v=0.

Fixing 7 for the moment, if this fails, then we can use Corollary 36 to deduce the existence of p°
satisfying pA = 0, p’ - €* > 0, and p* > 0.

Now observe that if (60) fails, then for each i = 1,...,m, there must exist p’ as described.
Now set p = pt + -+ + p™ to get p satisfying (61). [ |
Finally we come to another alternative, Motzkin’s Transposition Theorem [21], proven in his

1934 Ph.D. thesis. This statement is take from his 1951 paper [22].*

47 Motzkin’s Transposition Theorem Let A be an m X n matriz, let B be an £ X n matriz,
and let C be an r x n matriz, where B or C' may be omitted (but not A). Ezactly one of the
following alternatives holds. Either there exists x € R" satisfying

Az >0
Bx 20 (62)
Cx=0
or else there exist p' € R™, p? € RZ, and p® € R* satisfying
pPlA+p’B+p*C =0
pt >0 (63)
p° 2 0.

Motzkin expressed (63) in terms of the transpositions of A, B, and C.

48 Exercise Prove the Transposition Theorem. (]

We are now in a position to prove Theorem 18, which is restated here for convenience:

49 Theorem (Morris’s Alternative) Let A be an m x n matrix. Let 8§ be a family of
nonempty subsets of {1,...,m}. Exactly one of the following alternatives holds. Either there
exists x € R" and a set S € § satistying

Az =0

64
A;-x >0 forallie S (64)

or else there exists p € R™ satisfying

pA=0
>
pz0 (65)
> pi>0 forallSeSs.
€S

Proof: Tt is clear that (64) and (65) cannot both be true.

So assume that (64) fails. Then for each S € 8, let Ag be the |S| x n matrix with rows A; for
1 € S, and let Bg be the matrix of the remaining rows. Then there is no x satisfying Agz > 0
and Bgz = 0. So by Motzkin’s Transposition Theorem 47 there is ¢° € R®! and ¢ e R!%°!
satisfying ¢° > 0, ¢%° 2 0, and ¢°Ag + ¢°"Bs = 0. Let p° € R™ be defined p? = ¢7 for i € S
and p; = ¢7 for i € S¢. Then p°A = 0, and Ziespis > 0. Now define p = g g p° and note
that it satisfies (65). |

4Motzkin [22] contains an unfortunate typo. The condition Az > 0 is erroneously given as Az < 0.
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6 The Gauss—Jordan method

The Gauss—Jordan method is a straightforward way to find solutions to systems of linear
equations using elementary row operations.

50 Definition The three elementary row operations on a matrix are:
o Interchange two rows.
o Multiply a row by a nonzero scalar.
e Add one row to another.
It is often useful to combine these into a fourth operation.
e Add a nonzero scalar multiple of one row to another row.
We shall also refer to this last operation as an elementary row operation.’

You should convince yourself that each of these four operations is reversible using only these
four operations, and that none of these operations changes the set of solutions.
Consider the following system of equations.

31+ 229 =
21 4+ 3z, =
The first step in using elementary row operations to solve a system of equations is to write down

the so-called augmented coefficient matrix of the system, which is the 2 x 3 matrix of just the
numbers above:

3 2|8
(66")
2 3|7
We apply elementary row operations until we get a matrix of the form

1 0]a
0 1|5b

which is the augmented matrix of the system

ry = a

LL’QZb

and the system is solved. (If there is no solution, then the elementary row operations cannot
produce an identity matrix. There is more to say about this in Section 10.) There is a simple
algorithm for deciding which elementary row operations to apply, namely, the Gauss—Jordan
elimination algorithm.

First we multiply the first row by %, to get a leading 1:

W Wil
~J wloo

1
2

5The operation ‘add o x row k to row 4’ is the following sequence of truly elementary row operations: multiply
row k by a, add (new) row k to row i, multiply row k by 1/a.
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so we add an appropriate multiple of the

first row to the second. In this case the multiple is —2, the result is:

2 8

1 3 3
2 8
2-2-1 3-2-5|7-2-3

. 3
Now multiply the second row by £ to get

2|8
1313
0 1)1

Finally to eliminate x5 from the first row we add —%

1-%-0 -1 -1

win
Wi
wloo
Wi

SIS

1

so the solution is ;1 = 2 and z9 = 1.

1

0 (67')

wlot wiN
wlot wloo

times the second row to the first and get

(68")

7 A different look at the Gauss—Jordan method

David Gale |

solve

] gives another way to look at what

3x1 + 229
2x1 + 3o

can also be thought of as finding a coefficients x; an

3
I —+ X9

2
3

That is, we want to write b = as a linear combin

to do this is to begin by writing b as a linear combination of unit coordinate vectors e

we just did. The problem of finding x to

d x5 to solve the vector equation

B 8
7
ation of a! = and a? = . One way
1

1 _

0

and e? = , which is easy:
1
1 0
8 +7 =
0 1
We can do likewise for a' and a?:
3
3| +2| | = .2
0 1 2
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We can summarize this information in the following tableau.’

at a? b
et 3 218 (66)
e2 2 3

There is a column for each of the vectors a!

, a?, and b. There is a row for each element of
the basis el,e2. A tableau is actually a statement. It asserts that the vectors listed in the
column titles can be written as linear combinations of the vectors listed in the row titles, and
that the coefficients of the linear combinations are given in the matrix. Thus a' = 3e! + 2¢2,
b = 8e' + 7e?, etc. So far, with the exception of the margins, our tableau looks just like the
augmented coefficient matrix (66), as it should.

But we don’t really want to express b in terms of e! and €2, we want to express it in terms
of a' and a2, so we do this in steps. Let us replace e! in our basis with either a' or a?. Let’s be

unimaginative and use a'. The new tableau will look something like this:

a a“|b

at | 7 ?7(?

el ? 707

Note that the left marginal column now has a! in place of e'. We now need to fill in the tableau
with the proper coefficients. It is clear that a® = la® + 0e?, so we have

a a|b

al 1 717

I claim the rest of the coefficients are

at a?| b
1 2 |8
55
| 0 313
That is,
2 5 8
at = la' + 02, a? = 5&14—562, b=§a1—|—362
3 3 0 2 213 510 8 8|3 510
=1 +0 , == + - ) =z + 5 )
2 2 1 30 3021 3|1 71 3|2 3
which is correct. Now observe that the tableau (67)) is the same as (67).
Now we proceed to replace e in our basis by a'. The resulting tableau is
a' a®|b
atl 1 02 (68)
a®| 0 111

6The term tableau, a French word best translated as “picture” or “painting,” harkens back to Quesnay’s
Tableau économique [25], which inspired Leontief [17], whose work spurred the Air Force’s interest in linear
programming [4, p. 17].
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This is the same as (68). In other words, in terms of our original problem x; = 2 and 25 = 1.
So far we have done nothing that we would not have done in the standard method of solving
linear equations. The only difference is in the description of what we are doing.

Instead of describing our steps as eliminating variables from equations
one by one, we say that we are replacing one basis by another, one vector
at a time.

We now formalize this notion more generally.

8 The replacement operation

Let A= {a',...,a"} be a set of vectors in some vector space, and let p*,...,p™} span A. That
is, each a’ can be written as a linear combination of b*’s. Let T' = [t; ;] be the m x n matrix of
coordinates of the a?’s with respect to the b"’s.” That is,

o = b, j=1,...n (69)
k=1

We express this as the following tableau:

at ... al ... a”
bt -ty - tig
. (69)
b ti,l . ti,j . ti,n
b™ tm,l - tm’j - tmm

o A tableau is actually a statement. It asserts that the equations (69) hold. In this sense a
tableau may be true or false, but we shall only consider true tableauz.

o It is obvious that interchanging any two rows or interchanging any two columns repre-
sents the same information, namely that each vector listed in the top margin is a linear
combination of the vectors in the left margin, with the coefficients being displayed in the
tableau’s matrix.

o We can rewrite (69) in terms of the coordinates of the vectors as

. m
al =ty b
k=1
or perhaps more familiarly as the matrix equation

BT = A,

where A is the matrix m x n matrix whose columns are a',...,a"™, B is the matrix m x m

matrix whose columns are b',...,b™, and T is the m x n matrix [t; ;].

7If the b%’s are linearly dependent, 7" may not be unique.
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The usefulness of the tableau is the ease with which we can change the basis of a subspace.
The next lemma is the key.

51 Replacement Lemma If p',... p™} is a linearly independent set that spans A, then
tee 20 if and only if {b*,... bF 71 af bR L 6™} ds independent and spans A.

Moreover, in the latter case the new tableau is derived from the old one by applying
elementary row operations that transform the £ column into the k** unit coordinate
vector. That is, the tableau

al . a£—1 aé a€+1 a™
1 / / / /
b thy e ey 0ty o,
k—1 / / / /
b L2 S R S T U 7 S S R S g
14 / / / !
a thy oo e 1ty oty
bk+1 / / 0 t /
i - o . - n
k41,1 k+1,4—1 k+1,6+1 k+1
m / ! / /
b tm,l ce tm,é—l 0 ter,€+1 ce tm,n

is obtained by dividing the k'™ row by i,

r_ bk,
kg —

)

17

t.
and adding —tl—’é times row k to row i fori # k,
ke

tie i=1,....m, i #k
/ — .. Bt . Y / 9 9 9
tij = tij tk,etk’] (— tij tz,étk,j) ) j=1,...,n :
Proof: If t;, o = 0, then
af = Z ti,fbi7
ii#£k
or '
> tieh' —1af =0,
i#k
so {b', ..., 0" 1 a bpi1,...,bn} is dependent.
For the converse, assume t; ¢ 7# 0, and that
0 = aa’+ Z B;b?
i1i#k
m
= a <Zti75bl> + Z B;b°
i=1 iritk
= atybt + Z (ot + Bi)b".
ii#Ek
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Since p',...,p™} is independent by hypothesis, we must have (i) at = 0 and (ii) at; o+ 3; = 0
for ¢ # k. Since ty ¢ # 0, (i) implies that o = 0. But then (ii) implies that each 5; = 0, too,

which shows that the set {b',...,b¥"1 a* bry1,...,by} is linearly independent.

To show that this set spans A, and to verify the tableau, we must show that for each j # ¢,

al = Z th b+t jat.
ik

But the right-hand side is just

m

tip i e ;
= Z (ti,j A tk,j) b + YA Zti,sz
(7% tie “—
ii#£k i=1
~— ——
/ /
tig U j at

m
— X
= E t;,;b
i=1
:a,]7

which completes the proof.

Thus whenever ¢ , # 0, we can replace b* by af, and get a valid new tableau. We call this the
replacement operation and the entry t; ¢, the pivot. Note that one replacement operation

is actually m elementary row operations.
Here are some observations.

o If at some point, an entire row of the tableau becomes 0, then any replacement operation
leaves the row unchanged. This means that the dimension of the span of A is less than m,

and that row may be omitted.

¢ We can use this method to select a basis from 4. Replace the standard basis with elements
of A until no additional replacements can be made. By construction, the set B of elements
of A appearing in the left-hand margin of the tableau will constitute a linearly independent
set. If no more replacements can be made, then each row i associated with a vector not in
A must have t; ; = 0, for j ¢ B (otherwise we could make another replacement with ¢; ;

as pivot.) Thus B must be a basis for A.

e Note that the elementary row operations used preserve the field to which the coefficients
belong. In particular, if the original coefficients belong to the field of rational numbers,
the coefficients after a replacement operation also belong to the field of rational numbers.

9 More on tableaux

An important feature of tableauz is given in the following proposition.

52 Proposition Letb',...,b™ be a basis for R™ and let a',...,a"™ be vectors in R™. Consider
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the following tableau.

a a’ a™ el e™

bl t171 tl,j th Y11 Yi,m

bi ti,l . . ti,n Yin e N N Yi,m

bm tm71 [N tm,j ce tm,n Ym,1 RN N N Ym,m

That is, for each j,
m
aj = Z ti,j bi
i=1
and

m
el = E yi’jbl.
=1

Let y* be the (row) vector made from the last m elements of the i*" row. Then

P
Yy eal =t ;.

30

(73)

Proof: Let B be the m x m matrix whose j™ column is &/, let A be the m x n matrix with
column j equal to a’, let T' be the m x n matrix with (7, j) element ¢; ;, and let Y be the m xm

matrix with (i, j) element y; ; (that is, y* is the i*! row of Y'). Then (71) is just
A= BT

where and (72) is just
I=DBY.

Thus Y = B~ so
YA=BYBT)= (B 'B)T =T,

which is equivalent to (73).

53 Corollary Let A be an m x m matrix with columns a', ..., a™. If the tableau
at ... a™ el ... e
al 1 0 Yi,1 oo Yim
a™ 0 1 Ym,1 -+ Ymm

is true, then the matrix Y is the inverse of A.

10 The Fredholm Alternative revisited

Recall the Fredholm Alternative 31 that we previously proved using a separating hyperplane

argument. We can now prove a stronger version using a purely algebraic argument.
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54 Theorem (Fredholm Alternative) Let A be an m x n matrix and let b € R™. Exactly
one of the following alternatives holds. Either there exists an x € R" satisfying

Az =10 (74)
or else there exists p € R™ satisfying
A=0
g (75)
p-b>0.

Moreover, if A and b have all rational entries, then x or p may be taken to have rational entries.

Proof: We prove the theorem based on the Replacement Lemma 51, and simultaneously compute
x or p. Let A be the m x n with columns A',..., A" in R™. Then x € R" and b € R™. Begin
with this tableau.

Al LAY b el ... em

1
€ Qg1 NN Q1 n ﬂl 1 0
e |l ami .. Qmpn | Bm | 0O 1

Here a; ; is the ™ row, 5t column element of A and f; is the i coordinate of b with respect to
the standard ordered basis. Now use the replacement operation to replace as many non-column
vectors as possible in the left-hand margin basis. Say that we have replaced ¢ members of the
standard basis with columns of A. Interchange rows and columns as necessary to bring the
tableau into this form:

Al AT | Aderr 0 Adn b el ... ek .. e
An 1 0 |tipr1 - tin] & P11 .- Pk ---  Plm
A 0 1 | teerr o0 tem | & pe1r oo Dok oo DPem
el o ... 0 0 ... 0 | &1 |[Pet11 --- DPesik - Pitlm

etr 0 ... 0 0 N | R

Pe+ra e Pe+r.k ceo Dl+rm
elim—t 0 ce 0 0 e 0 Em Pm,1 cee Pmik .- Pm,m

The £ x £ block in the upper left is an identity matrix, with an (m — £) x £ block of zeroes below
it. This comes from the fact that the representation of columns of A in the left-hand margin
basis puts coefficient 1 on the basis element and 0 elsewhere. The (m — ¢) x (n — £) block to the
right is zero since no additional replacements can be made. The middle column indicates that

4 m—£
b= ZﬁkAj’“ + Z Eopre'™.
k=1 r=1

If 41 = -+ = &, = 0 (which must be true if £ = m), then b is a linear combination only
of columns of A, so alternative (74) holds, and we have found a solution. (We may have to
rearrange the order of the coordinates of z.)
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The Replacement Lemma 51 guarantees that AJt,... A% et ... e'm—¢ is a basis for R™.
So if some & is not zero for m > k > ¢, then Proposition 52 implies that the corresponding p*
row vector satisfies p¥ - b= &, # 0, and p* - A7 = 0 for all j. Multiplying by —1 if necessary, py
satisfies alternative (75).

As for the rationality of x and p, if all the elements of A are rational, then all the elements of
the original tableau are rational, and the results of pivot operation are all rational, so the final

tableau is rational. ']
55 Remark As an aside, observe that A71,..., A% is a basis for the column space of A, and
pttl ... p™ is a basis for its orthogonal complement.

56 Remark Another corollary is that if all the columns of A are used in the basis, the matrix
P is the inverse of A. This is the well-known result that the Gauss—Jordan method can be used
to invert a matrix.

11 Farkas’ Lemma Revisited

The Farkas Lemma concerns nonnegative solutions to linear inequalities. You would think
that we can apply the Replacement Lemma here to a constructive proof of the Farkas Lemma,
and indeed we can. But the choice of replacements is more complicated when we are looking
for nonnegative solutions to systems of inequalities, and uses the Simplex Algorithm of Linear
Programming.
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